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The concept of minimal model in rational
homotopy theory was created by Dennis

Sullivan in the 1960’s. He discovered in the
category of topological spaces, that simply
connected spaces can be rationalized. Which
means we can replace an space X with a ra-
tional version of it, XQ, such that H∗(X; Q)
= H∗(XQ).

Recall that a simply connected space Y is
say to be rational when its reduced homo-
logy (or π∗(Y ), or the reduced homology of
its loop space ΩY ) is a Q-vector space. When
we find for a simply connected space X an ra-
tional space Y (which is again simply connec-
ted) and a continuous map φ : X → Y that
induces the homotopy morphism π∗(φ)⊗ Q :
π∗X ⊗Q → π∗Y ⊗Q = π∗Y , the simply con-
nected space Y is called a rationalization of
X.

When we work with simply connected spa-
ces, the existence of rationalizations is gua-
ranteed. Moreover, given a continuous map
φ : X → Z, we can state the existence of
an (up to homotopy) unique induced morp-
hism between the rationalizations of X and
Z. With this, the rational homotopy type of
a simply connected space is defined as the
weak homotopy of its rationalization. Then,
φ : X → Z is called a rational homotopy
equivalence when the induced rational map
is a weak homotopy equivalence.

This simplification of an space implies so-
me lost of information about it, for exam-

ple, the homotopy groups of the sphere S2

are non-zero in infinitely many degrees, but
the rational homotopy groups vanish in all
degrees above 3. But, the advantage of the
approximation by a rational model, is the fa-
cility for computations when ordinary homo-
topy theory is too complicated.

According to the book Rational Homotopy
Theory by Yves Félix, Stephen Halperin and
Jean-Claude Thomas, one important early
result (by Vigué and Sullivan) using rational
homotopy, says that if M is a simply con-
nected compact riemannian manifold who-
se rational cohomology algebra requires at
least two generators, then its free loop space
has unbounded homology and hence M has
infinitely many geometrically distinct closed
geodesics.

But, where comes from the easier cal-
culations? Well, this is due to Quillen
and Sullivan, they discovered an explicit
algebraic formulation for rational homotopy.
Which means that the rational homotopy
type of a topological space is the same
as the isomorphism class of its algebraic
model. Moreover, in each class there exists a
well defined representative, which is called
minimal model. This object is indeed a
special kind of differential graded algebra.

Let X a simply connected rational spa-
ce. Now, we are interesting in descri-

be things like its cohomology H∗(X). But
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first, we need to compute C∗(X), which is
in general a structure with a non commu-
tative product. This detail increase the dif-
ficult for compute cohomology, but Sullivan
found a functor APL that associate a com-
mutative cochain algebra APL(X) to X. The
link between both structures is expressed
by two quasi-isomorphisms, C∗(X)→ D(X)
and APL(X). So we have that H ∗ (X) =
H(APL(X)).

The functor APL is constructed following
the next steps. First consider a collection of
cochain algebras {An}n≥0 that forms, with
plausible face and degeneracy maps, a sim-
plicial object A in the category of cochain
algebras. For a given integer p, the elements
of order p in each cochain algebra An, n ≥ 0,
together with the restriction of the face and
degeneracy maps, forms a simplicial set de-
noted Ap. Given a simplicial set K, and a
simplicial cochain algebra A, we can form a
simplicial cochain algebra A(K), which set of
elements of order p, are the sets of simplicial
maps from K to Ap.

After that, the APL is obtained from a spe-
cial choice of A(using the notation in the last
paragraph), and APL(X) = APL(S∗(X)).
Here S∗(X) is the simplicial set of singular
simplices associated to the topological
space X. For APl, the cochain algebra
(APL)n is the given by the quotient of
the free graded commutative algebra
Λ(t0, . . . , tn, y0, . . . , yn), where the basis
elements ti have degree zero and the basis
elements yi have degree 1, and the ideal
generated by the two elements

∑n
0 ti− 1 and∑n

0 yj . The commutative cochain algebra
APL(X) is called the cochain algebra of
polynomial differential forms on X with
coefficients in Q. This construction was
suggested by the classical cochain algebra
ADR(M) of smooth differential forms on a
smooth manifold M .

The transition from topological spaces to

commutative cochain algebras establis-
hed by the functor APL allows to focus in
the study of commutative cochain algebras
themselves. In this category shows up a spe-
cial kind of commutative cochain algebras,
they are called Sullivan algebras. This alge-
bras lives in each isomorphism class, and un-
der special conditions over the space X, have
a minimal representative.

A Sullivan algebra is a commutative co-
chain algebra of the form (ΛV, d), where
V = {V p}p≥1, that is a collection of sets of
elements with different degrees, and V can
be expressed as an union

⋃∞
k=0 V (k) with

V (0) ⊂ V (1) ⊂ . . . an increasing sequence
of graded subspaces. The differential satisfies
d = 0 in V (0) and d : V (k)→ ΛV (k− 1), for
k ≥ 1.

The last condition is called the nilpotente
condition on d, and it can be restated sa-
ying that: d preserves ΛV (k) and there exist
graded subspaces Vk ⊂ V (k) with ΛV (k) =
ΛV (k − 1)⊗ ΛVk, and d : Vk → ΛV (k − 1).

With this, we can state now the princi-
pal definition of this article: a Sullivan model
for a commutative cochain algebra (A, d) is
a quasi-isomorphism m from a Sullivan alge-
bra (ΛV, d) to (A, d). In the case of APL(X),
with X a path connected topological space,
a Sullivan model for the algebra APL(X), is
called a Sullivan model for X. Moreover, this
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model is called minimal is the differential sa-
tisfies Im(d) ⊂ Λ+V ·Λ+V . When the algebra
(A, d) is such that H0(A) = Q, there always
exists a minimal Sullivan model, and this is
uniquely determined up to isomorphism.

At this point we can see the possible sim-
plification made by the minimal models: if
(ΛV, d) is a Sullivan minimal model for the
rational space X then H(ΛV, d) is isomorphic
to H(APL(X)) and isomorphic to H∗(X).

It is important to say that if simply con-
nected topological spaces X and Y have
the same rational homotopy type, then the
cochain algebras APL(X) and APL(Y ) are
weakly equivalent, and by the unicity of the
minimal models, they have the same minimal
model. So, if we restrict to simply connected
spaces with rational homology of finite type,
there is a bijection between the rational ho-
motopy types with the isomorphism classes
of minimal Sullivan algebras over Q,(ΛV, d)
with V 1 = 0.

Now, lets see some examples. With k odd,
the minimal Sullivan model for the sphere
Sk is m : (Λ(e), 0) → APL(Sk), where the
degree of e is k and the image of e by m
is the representing cocycle of the class in
Hk(APL(Sk)), determined by the fundamen-
tal class [Sk] ∈ Hk(Sk; Z). For a product of
spaces X × Y , the minimal model is the ten-
sor product of the minimal models of each
space.

Recall that a based topological space
(X, ∗) with a continuous map µ : X ×X →
X, with the maps x 7→ µ(x, ∗) and x 7→
µ(∗, x) homotopic to the identity, is called an
H-space. This kind of spaces have a minimal
Sullivan models of the form (ΛV, 0), that is,
with null differential.

Also, they are cochain algebras (ΛV, d)
which are not Sullivan algebras. For exam-
ple, let V = {v1, v2, v3}, with degree of v1, 1,
dv1 = v2v3, dv2 = v3v1 and dv3 = v1v2. But,
a cochain algebra (ΛV, d), where V = V ≤2

and Im(d) ⊂ Λ+V · Λ+V , is always a mini-

mal Sullivan algebra.
Once the Sullivan model notion establis-

hed, the research focuses in the study of mo-
dels for geometric constructions using the
models of the spaces participating in the
construction as we can saw in the example
of the product. Another interesting geome-
tric construction to do this are, for example,
cone attachments, cell attachments ans sus-
pensions.

There is a generalization of Sullivan alge-
bras, called relative Sullivan algebras. This
generalization comes from the observation
that cochain algebras are equipped with a
morphism Q→ (A, d) which is particular ca-
se of the morphism of commutative cochain
algebras (B, d)→ (A, d), so the notion of Su-
llivan algebra for (A, d) is extended to the no-
tion of relative Sullivan algebra for this morp-
hism. And they have the form (B ⊗ ΛV, d),
where H0(B) is equal to Q and there is a
quasi-isomorphism of cochain algebras from
(B ⊗ ΛV, d) to (C, d).

The generalization is useful to model
objects like fibrations. Let F be the fiber of
a continuous map f : X → Y , where Y is
simple connected with rational homology of
finite type, then it is possible to construct
a Sullivan model for F directly from the
morphism APL(f) : APL(Y ) → APL(X).
And, of course, using this technique it is
possible to construct the Sullivan model of
new interesting spacesF
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